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We have investigated the effect of surface disorder on atomic friction in the stick-slip dynamical regime of
a one-dimensional Prandtl-Tomlinson model. We find that disorder in the substrate potential can modify the
mean slip length and then it changes the friction force of the system. In particular, the effect of the disorder is
more important at low temperatures and close to dynamical transition points or at high loads. We show results
for different values of temperature, amplitude of the corrugation potential, dragging velocity, and damping.
Special care is put in the comparison between the results of the regular and the disordered cases at many
different temperatures and in the understanding of the combined effect of disorder and temperature in the
dynamics of the system. To finish, we present some results on the robustness of the results against a change in
the effective damping of the system.
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I. INTRODUCTION
Nanotribology is the science that studies adhesion, fric-
tion, wear, and lubrication phenomena.1–3 The understanding
of friction at the nanoscale is a current important problem
from both a fundamental and a technological perspective.4,5
On the one hand the comprehension of friction at the nano-
scale is fundamental for the manipulation of nanoparticles
and the miniaturization of moving devices as nanoelectrome-
chanical systems, for instance. On the other hand friction is a
complex nonlinear phenomenon of fundamental interest in
many scientific areas.6,7 With the development of new ex-
perimental techniques such as the atomic force microscopy
and its modified version, the force friction microscopy, and
the surface force apparatus, experimental and theoretical
studies of friction at the atomic scale have received a signifi-
cant attention. Furthermore, as the interaction between two
surfaces involves complex interactions among many asperi-
ties, the atomic force microscopy is an exceptional tool to
better understand friction at nanoscale level since it can be
described essentially as a single asperity dragged along a
surface.4,8
Most theoretical efforts to describe the force friction mi-
croscopy experiments have focused on the behavior of defect
free and perfect periodic surfaces with or without the inclu-
sion of thermal effects.9–12 However, the study of the effect
of substrate disorder or defects on atomic friction is particu-
larly important since atomically flat surfaces represent ideal
models and disorder and defects of different kind are always
present in nature. Recent results in an one-dimensional
model indicate that the presence of surface defects can
modify the temperature dependence of friction at atomic
scale.13 Braiman et al.14 have also presented results which
indicate that quenched disorder and thermal noise can de-
crease friction. Hölscher et al.15 analyzed the load depen-
dence of atomic friction at atomic-scale surface steps.
The aim of this paper is to study the effect of surface
disorder on atomic friction and its interplay with thermal
effects. We will focus in the stick-slip region of the friction
force versus dragging velocity curve. In particular, we
present results for the mean friction force and slip length for
a range of values of the corrugation potential amplitude at
different driving velocities and damping. By surface disorder
we mean small deviations from the perfect lattice model.
Such deviations are mainly due to the uncertainty in the
strength of the effective interaction between the tip and the
surface. We present numerical results that indicate that such
effects may strongly modify the frictional behavior at atomic
scale. This change in the friction force results from a change
in the mean slip length. In addition, we find important
changes in the friction force due to small changes in the
damping in the small damping case.
II. MODEL
We use a generalized Prandtl-Tomlinson model which in-














Rt − x2 + Vx . 1
In this picture the tip is modeled as a single particle dragged
over a one-dimensional substrate potential. Here UR ,x is
the tip effective potential, which includes the elastic coupling
effect of the tip with a support which moves at a constant
velocity vs Rt=R0+vst, and the tip-surface interaction
Vx. M and x are the effective mass and the lateral position
of the tip and k is a spring constant. t is the random noise
term which satisfies the fluctuation-dissipation relation
tt=2MkBTt− t with  the microscopic friction
coefficient and kB the Boltzmann constant.
We model surface disorder including a second harmonic
term in the standard tip-surface interaction potential
Vx = − Uo1.0 +  sin2xb 	
cos2xa 	 . 2
Here = ab is the commensurability factor,  measures the
importance of the second harmonic, and a and Uo are the
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lattice spacing and the amplitude of the regular =0 sur-
face potential, respectively. In theory, this amplitude can be
changed by varying the normal load10,16 although it is worth
noting that a change in the normal load is probably changing
other parameters of the system in a nontrivial way. The effect
of this disorder is a small change in the potential shape see
Fig. 1. It introduces a distribution of barrier heights and
slightly moves the positions of the potential maxima and
minima.
We are mainly interested in studying the mean value F
of the instantaneous friction force Ft=kRt−xt as a
function of the driving velocity vs, temperature, interaction
strength Uo, and the other parameters of the model. Nondi-
mensional equations are obtained if we measure energy in
units of U0, space in units of the lattice spacing x˜=2x /a
and time in units of the natural frequency for oscillations of
the tip in the surface potential =	pt with 	p
=2Uo /Ma2. Then ˜= /	p, k˜=1 /
=ka2 / 42Uo, and
vs =˜vsM /Uo are the scaled damping, spring constant, and
velocity, respectively.
We have numerically integrated Eq. 1 for different val-
ues of the system parameters. Following the work by Tshi-
prut et al.,13 in our simulations we have used M =5.0
10−11 Kg, a=0.45 nm, k=1.5 N /m, =105 s−1 except
in Sec. V where we change the damping, and U0 in the
0.2–1.2 eV range then ˜ goes from 0.3 to 0.1 and 
 from 4
to 25. For vs we have normally used 10 nm/s.17 Regarding
the surface disorder potential we have used = 5
+1.0 /2.0 and =0, 0.1, or 0.3.
III. SURFACE DISORDER WITHOUT TEMPERATURE
In this section we present numerical simulations of the
effect of surface disorder as defined in Eq. 2 on the physi-
cal properties of the system, mainly the average friction force
F, at different parameter values. Before doing so, in order
to get a better insight on the problem we will briefly describe
some of the main properties of the system for a perfect lattice
=0.4,6,8–13 For this case, the main results are shown in Fig.
2a where we present the friction force as a function of the
corrugation potential amplitude Uo at small velocity vs
=10 nm /s. The inset shows a typical friction force versus
driving velocity curve computed at U0=0.27 eV. Here,
and in the figures below, ln vs refers to a velocity measured
in nm/s. In all the cases =105 s−1.
In the curve of the friction force versus the driving veloc-
ity inset of Fig. 2a, we distinguish between three different
dynamical regions. At low velocities a first region marked
as I is found which corresponds to the well-known stick-slip
behavior with one-lattice constant slips.18 The second region
region II is also characterized by the stick-slip behavior but
with larger slip events. This second region appears usually
for intermediate values of velocity and it is not found at
high-enough damping. Finally, we find region III which cor-
responds to higher velocities where the tip slides smoothly
and the stick-slip behavior disappears.
We will mainly focus on the dynamics of the system in
the stick-slip regions. There, the dynamics is governed by the
length of the slip events.9,10,19 Figure 2a shows the friction
force as a function of the potential amplitude, U0. This curve
presents a series of marked discontinuities which correspond
to a change in the length of the slip events. The discontinui-
ties mark transitions between different dynamical states. The
regions numbered as 1, 2, 3, and 4 in the figure correspond,
respectively, to one, two, three, and four-lattice constant
jumps. The range of values of the parameter 






20.61. For values of 

1, the tip slides smoothly, stick-
slip events do not appear. Figures 2b–2d show the time
dynamics of the tip for regions 1, 2, and 3.
It is important to mention here that a change in Uo also
changes the nondimensional damping and velocity of the
system since ˜= /	p with 	p=2Uo /Ma2 and vs˜
=vsM /Uo. Thus a high Uo implies a smaller ˜ and it allows
longer slip events. Following previous studies,13,17 we con-
sider Uo, , and vs as independent parameters which can be
somehow experimentally controlled or measured. Moreover,
FIG. 1. Color online Tip-surface potential for =
5+1.0
2.0 and
=0 perfectly sinusoidal lattice, =0.1 weak disorder, red dashed
line, and =0.3 strong disorder, blue dotted line.
FIG. 2. a Friction versus corrugation potential amplitude Uo
vs=10 nm /s and inset friction versus driving velocity at Uo
=0.27 eV, see arrow. Figures b, c, and d show the time dy-
namics of the tip for different values of Uo corresponding to regions
1, 2, and 3 in a. In all the cases T=0 K.
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we have numerically checked that the transitions observed in
the figure are also observed in simulations at constant ˜ and
vs˜and thus can be ascribed to modifications in the potential
profile.
Now we are going to present result on how the inclusion
of surface disorder affects the friction force and the dynam-
ics of the tip. We will see that, in some cases, surface disor-
der strongly modifies the response of the system. As ex-
pected, the main effect of disorder is to smooth the friction
versus corrugation potential curves. However, a small
amount of disorder also affects the characteristic curves im-
portantly at some parameter values, in particular, close to the
transition points, see Fig. 3a. In these regions the presence
of disorder changes the value of the mean length of the slip
events see inset which has important consequences in the
average friction force result. The figure also shows that the
effect of disorder is more important at large values of U0.
There, the dimensionless damping is smaller and the dynam-
ics is more sensitive to small changes in the substrate poten-
tial.
Figure 3b shows a series of friction force versus driving
velocity curves for various values of U0 0.31, 0.52, and 0.71
eV and it compares the regular open symbols and the dis-
ordered solid symbols cases. Such U0 values have been
chosen close to the dynamical transition points. In the low
velocity part of the curve region I the friction force value
has been importantly modified by the presence of surface
disorder. At higher velocity values the system switches into
region II and this difference disappears. This region is char-
acterized by larger slip events which correspond to a smaller
mean friction force. The abrupt transition observed in the
regular case is smoothed and anticipated by the presence of
disorder. At high velocities the stick-slip phenomenon disap-
pears and there is no difference between the regular and the
disordered situations. Again, we can look at the mean slip
length curve inset of Fig. 3b to understand the previous
curve in terms of this variable. The difference between the
regular and the disordered cases is caused by the modifica-
tion of the slip length of the tip due to the inclusion of
disorder and depend on the specific values of Uo and .
Figure 4 shows the effect of a larger disorder in the char-
acteristic curves of the system. As said above, close to the
transition points the inclusion of a small quantity of disorder
can produce a dramatic change in the response of the system.
We also see that for =0.3 although the perturbation of the
regular profile is just a bit larger than that for =0.1 see Fig.
1, the effect on the friction force is much stronger. At this
value of disorder important overlaps between areas corre-
sponding to different slip lengths are observed. Values of
disorder beyond this value of =0.3 produce larger effects.
IV. SURFACE DISORDER WITH TEMPERATURE
Now we will study the combined effect of surface disor-
der and temperature in the dynamics of the system. There are
many theoretical and experimental evidences showing the
important role played by temperature in the friction
FIG. 3. Color online Surface disorder effect in the stick-slip
dynamics of the system at T=0 K. Open symbols are for the regu-
lar =0 potential and solid ones for the surface disorder case
=0.1. a Friction force and mean slip length versus potential
amplitude in the low velocity regime. The inset shows the average
slip length at the different U0. b Friction force as a function of the
velocity vs for Uo=0.31 eV circles, 0.52 eV squares, and 0.71
eV triangles. The inset shows the mean slip length for U0
=0.31 eV. FIG. 4. Color online Friction force versus potential at vs
=10 nm /s, figure a; and friction force versus velocity at U0
=0.31 ev, figure b, and at U0=0.34 eV, figure c, for =0, 0.1,
and 0.3.
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phenomena.11–13,20–23 The main temperature effect is the re-
duction in the friction force in the stick-slip region of the
friction versus driving velocity curves. This reduction has
been observed at high temperatures and is explained by the
existence of thermally activated jumps of the tip.11,12 How-
ever, it has been recently observed that at low temperatures
thermal fluctuation can increase the friction force which
reaches a maximum and then decreases.13,23 In addition to
thermal activation, the presence of temperature can also re-
duce the mean length of the slip events. This reduction ex-
plain the increase in the friction force which dominates the
behavior of the system at low temperatures.13 Such effects
are clearly seen in Figs. 5b and 5c, where results for the
regular potential open symbols are also shown.
Due to the important role played by temperature it is natu-
ral to consider now the combined effect of thermal fluctua-
tions and surface disorder in the response of the system.
Figures 5 and 6 summarize the main results. In Fig. 5a we
compare the friction versus the potential amplitude curve of
the regular =0 and the irregular case =0.1 at 50 and
400 K for T=0 K see Fig. 3a. The more important dif-
ferences between both curves are observed at small tempera-
ture values and close to the transition points or at high values
of the potential amplitude. As it can be seen in the figures the
differences disappear at high temperatures. This effect is
studied in Figs. 5b and 5c, where we have computed the
friction force and the mean length of the slip events as a
function of the system temperature for five different values
of Uo corresponding to the five different dynamical states
marked in Fig. 5a.
It is observed that the inclusion of disorder does not
modify the two main competing thermal effects already re-
ported in the literature, see Figs. 5b and 5c: monotonic
decreasing of friction due to thermal activation without
modification of the mean slip length, dominant at low values
of U0 or high temperatures, and increasing of friction due to
reduction of the slip length, observed at low temperatures
and high U0 values. This reduction can be understood using
the stick-slip picture of the dynamics of the tip where the
potential profile of the tip, which also depends on the relative
position between the tip and the support, changes continu-
ously developing new minima during the stick part of the
cycle which allows for long jumps. Thermal noise shortens
the sticking time by inducing thermally activated slips. Thus,
the potential profile contains a smaller number of accessible
minima and the mean length of the slips also shortens.
As expected, regarding the inclusion of disorder it is ob-
served that strong-enough thermal fluctuations are able to
FIG. 5. Color online Comparison of the =0 open circles
and the =0.1 solid circles curves at different values of T and U0.
a F versus U0 at 50 and 400 K. b F versus T and c L
versus T at U0=0.27, 0.46, 0.56, 0.65, and 0.82 eV.
FIG. 6. Color online Force versus velocity curves for a 
=0 and b =0.1 at different values of T and for Uo=0.65 eV.
Figure 6c compares the result for the regular and for disordered
case at T=133 K.
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screen any effect induced by disorder. We have also studied
the combined effect of disorder and temperature on the fric-
tion force versus support velocity curves. Figure 6 shows
examples of the modification of the friction force versus ve-
locity curves of the system due to the combined effect of
disorder and temperature. We can distinguish the three re-
gions shown in Fig. 2a and the two main thermal effects
described above. Figure 6 also shows, in some cases, a re-
duction in the friction force with the velocity in the low-
velocity region of the system characteristic curve. A similar
result has been recently reported by Barel and Urbakh.24
V. DAMPING EFFECT
Thermal effects have been included by assuming the ex-
istence of a heat bath at a given temperature coupled to the
system and satisfying the fluctuation-dissipation relation.
Such dissipation is controlled by the damping parameter,
which can be seen as a measure of the intensity of the cou-
pling of the system to the bath, which models the effect of
the many other degrees of freedom present in the system.
Temperature is a well-controlled parameter. However, to de-
termine the correct value of the damping for the tip is a much
more complex and difficult question. Thus, it is important to
study the dynamics of the system for different values of the
damping in order to check the robustness of the results
against changes in this parameter. The effect of damping has
been studied in the context of the robustness of the func-
tional form of the velocity dependence of the friction force25
and to study the effect of tip flexibility on the stick-slip
dynamics.26
Concerning damping effects, it is usually defined a critical
damping value above which the tip oscillations disappear
overdamped dynamics. In this case all the deterministic
slips have a length close to one lattice constant. Some ex-
periments indicate that damping is below this critical value,
which corresponds to a more complex and dynamically
richer situation.27
We have investigated first in the regular case the effect of
the damping parameter on the friction force for values of ˜
crossing the critical value. Then we analyze how this behav-
ior is affected when surface disorder effects are included.
Our first finding, Fig. 7a shows a series of steps in the
friction force versus damping curve. Close to the disconti-
nuities a small change in the damping can produce a large
change in the friction force. Every step in this figure corre-
sponds to a slip close to one or two lattice sites, respectively
see also inset. In the overdamped limit only site 1 is
reached. At smaller values of the damping the tip can reach
site 2. If damping is reduced again the tip can move though
1 to 2 and then oscillates back to 1 where is trapped. At small
damping the tip oscillates back and forth between both
minima before reaching an equilibrium value. Then, by de-
creasing the value of the damping more transitions are ob-
served. Figures 7b and 7c show the time evolution of the
position and force, respectively, of the tip for three close
values of the damping, two of them at both sides of a tran-
sition point. For other values of the parameters larger U0,
more complex situations are found. In these cases the dy-
namics results from the interplay between a larger number of
minima than that shown in Fig. 7.
When surface disorder and/or temperature are included, it
is observed, as expected, that this behavior is strongly
smoothed or even suppressed. Figure 8a shows the change
in the friction force and the mean slip length as a function of
the damping for a small disorder =0.1 and its comparison
to the regular =0 case curve. Figure 8b shows the fric-
tion force as a function of the damping when =0.1 and at
three different values of temperature.
VI. DISCUSSION AND CONCLUSIONS
In order to investigate the effect of surface disorder on
atomic friction we have made extensive numerical simula-
FIG. 7. a F as a function of the dimensionless damping ˜
=0, T=0, U0=0.31. Time evolution of the tip position b and
the friction force c at ˜=0.20 curve 1, ˜=0.19 curve 2, and
˜=0.06 curve 3.
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tions based on the one-dimensional Prandtl-Tomlinson
model. Our results show the important role played by surface
disorder at some given parameter values. In particular, disor-
der is important at low temperatures. At high-enough tem-
peratures important thermal fluctuations are able to screen
the disorder effect. Also surface disorder is particularly im-
portant close to dynamical transition points and high values
of substrate potential amplitude Uo. The dynamical transition
points are associated to discontinuities in the mean value of
the slip length of the stick-slip regimen. Thus, the determi-
nation of this mean value has been shown to be very useful
in order to understand the dynamical response of the system.
We have approached disorder by including an incommen-
surate second harmonic in the tip-surface interaction poten-
tial. Our model slightly modifies the values of the extreme
positions and the barrier heights with respect to the usual
regular potential. Although such model does not correspond
to a random disorder model, at short length scales differences
between both cases are unimportant. In any case, Eq. 2 also
represents the potential profile in a given direction for a qua-
siperiodic lattice.28
We have presented results for moderate to intermediate
values of the disorder parameter, =0, 0.1, and 0.3. Obvi-
ously, the effect is much stronger at higher values of . How-
ever such potentials represent a strong modification with re-
spect to the regular one. Regarding the commensurability
factor , we have found similar results for other values of
this parameter.
We have focused our attention on the stick-slip region of
the force versus velocity curve of the system. Beyond this
region the curve is unaffected by disorder or temperature as
seen in Figs. 3b, 4b, 4c, and 6. The stick-slip region is
dominated by the amplitude of the different stick slips. In the
regular case and at zero temperature the dynamics is periodic
and the transitions between the different dynamical states,
defined by different values of L, are abrupt. Both, disorder
and temperature produce a mixing of different length slips.
Thus, as shown in the different figures, they smooth out the
friction curves in a similar way.
An important issue is the modeling of the tip and its in-
teraction with the environment. This interaction sets the
value of the damping of the system. Experimental results
have shown that acceptable values of the dimensionless
damping are in the overdamped and in the moderate to high
damping areas. As we have seen a correct identification of
the damping experienced by the tip is important to under-
stand the dynamics of the system.
Regarding the coupling of the tip to the moving support
the Prandtl-Tomlinson model approach this interaction in the
simplest way, a harmonic coupling. However, recent works
which use other coupling schemes show that for some pa-
rameter values the dynamical response depends on the
model. Tip elasticity has been recently studied for instance
using a two-spring-two-masses model.26,29 We believe that
the effects of disorder in this more complex scheme will be
similar to those reported here.
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